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Conclusions
These results demonstrate that the use of larger second pulse

fractions in the presence of a large bias in the track (that is, greater
than the KKV divert) can reduce the requirements on the weapon
system by allowing the bias in the target track to be removed later
during the � ight. Additionally, the 50/50-pulse split extends both
the minimum and maximum feasible mission times relative to the
80/20-pulse split. This increases the engagement envelope of the
interceptor in the presence of a large bias in the target track.
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I. Introduction

E XISTING entry guidance systems are based on the common
concept of tracking a reference drag pro� le. For that purpose,

trajectory control laws are incorporated into the guidance systems.
A linear control law has been employed successfully for the Space
Shuttles.1 This control law was designed with a classical method
based on linearized equations of motion. This approach generally
needs gain schedules interpolating feedback gains selected at indi-
vidual design points. However, it is not an easy task to prepare such
gain-schedulingfunctions that give a satisfactoryperformanceover
the whole entryphase.Motivatedby this fact, many authors recently
have proposed nonlinear trajectory control laws.2 ¡ 5 These control
laws were developed with the feedback linearization (or dynamic
inversion) method6 or related methods. Design parameters of these
techniques are some constants describing a desired response inde-
pendent of reference values. Therefore, extensive gain schedules
are not necessary.For this reason, nonlinearcontrol laws will be the
mainstreamfor entryguidancein placeof linear control laws. A new
nonlinearcontrol law is proposed using a device called the altitude-
to-drag transformation.The altitudeinsteadof the drag force is con-
sidered as the controlled variable. The new nonlinear control law
is described and numerically compared with a conventional linear
control law.

II. Nonlinear Trajectory Control Law
A. Basic Control Law

The primary function of entry trajectory control laws is to mod-
ulate the bank angle (roll angle around the atmospheric-relative
velocity). The control law proposed in the note is summarized as

ḧC = ḧREF + f1hERR + f2 ÇhERR + f3 * hERR dt (1)

(L / D)C = ḧC / D + Çh / V + (g / D)(1 ¡ V 2 / V 2
S ) (2)

u C = cos ¡ 1[ (L / D)C

L / D ] (3)
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where D is the drag force per unit mass (also termed drag acceler-
ation), g is the acceleration due to gravity, h is the altitude, Çh is the
altitude rate, ḧ is the vertical acceleration, L / D is the lift-to-drag
ratio, V is the Earth-relative velocity, VS is the circular orbital ve-
locity, and u is the bank angle. The subscripts C , ERR, and REF
stand for a command, an error, and a reference value, respectively.
The symbolswithoutany subscriptsdenotereal-timemeasurements.
The feedback gains, f1 , f2, and f3 , characterize the desired vertical
acceleration ḧC for attenuatingthe altitude error hERR . The interme-
diate lift-to-drag ratio command (L / D)C is a normalized version
of the vertical component of lift force required for trajectory con-
trol. The mapping function (2) is based on the following equation
of motion in the vertical direction

ḧ = ¡ D( Çh / V ) + L cos u ¡ (g / D)[1 ¡ (V 2 / V 2
S )] (4)

where L is the lift force per unit mass. Correspondence between
Eqs. (2) and (4) is obvious, since L cos u in Eq. (4) represents the
vertical component of lift force.

B. Tracking Error
The errors used in the control law (1) are de� ned as

hERR = hREF ¡ h D (5)

ÇhERR = ÇhREF ¡ Çh (6)

where h D is a pseudo-altitude derived from the drag acceleration,
and Çh is an altitude rate estimated by a navigation system. The ref-
erence altitude hREF and the drag-derivedaltitude h D are computed
from the common models for the dragforceand atmosphericdensity

D = [q V 2SCD(V )] / 2m (7)

q = q 0 exp( ¡ h / hS) (8)

where CD is the drag coef� cient, hS is the atmosphericdensity scale
height, m is the vehicle mass, S is the vehicle reference area, q is
the atmospheric density, and q 0 is the atmospheric density at sea
level. In general, CD is a function of the angle of attack a and the
Mach number.However, the atmospheric-relativevelocity is almost
equal to V , and the speed of sound is nearly constant during entry.
In addition, we assume that a is scheduled as a function of V .
Therefore, CD is described as a function of only V as shown in
Eq. (7).

When the referencedrag DREF is a functionof the speci� c energy
(energy per unit mass) E , the altitude errorhERR is explicitlywritten
as

hERR = ¡ hS[log(DREF / D)]W2 (9)

W1 = 1 + (V / 2)(C 0
D / CD) (10)

W2 = [1 + (2ghS / V 2)W1]
¡ 1

(11)

where C 0
D represents@CD /@V . If DREF is a functionof V , we do not

need W2 in Eq. (9). The scale height hS is generally scheduled as a
function of the altitude based on a standard atmosphere. Equation
(9) can be derived from Eqs. (7) and (8) by using the relation:

E = 1
2
V 2 + gh = 1

2
V 2

REF + ghREF (12)

and the assumption ghERR ¿ V 2, which usually holds duringentry.7

Linearizing Eq. (9) about DREF , we obtain the following expres-
sion:

hERR
»= ¡ hS (W2 / DREF)(DREF ¡ D) (13)

If this formula is adopted for mapping the drag error into hERR , the
controllaw as shown in Eq. (1) becomesequivalentto a conventional
linear control law.1 Equation (13) implies that the scale height hS

works as a part of the feedback gain with respect to the drag error.
The inaccuracy of hS included in the reference altitude rate ÇhREF

(the de� nition is shown later) causes a steady-state tracking error,
but this error is eliminatedby the integral term in Eq. (1). Therefore,
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the deferencebetweena scheduledpro� le of hS and an actualpro� le
encountered during entry does not signi� cantly degrade the perfor-
mance in terms of tracking drag pro� les.

C. Reference Trajectory Parameters
If the reference drag DREF is a function of the energy E , the

reference trajectory parameters are de� ned as follows:

ÇDREF =
@DREF

@E
( ¡ VDREF) (14)

ÇVREF = ( ¡ DREF +
ghS ÇDREF

DREFV ) W2 (15)

ÇhREF = ¡ hS ( ÇDREF

DREF

+
2DREF

V
W1) W2 (16)

D̈REF =
@2DREF

@E 2
( ¡ VDREF)2 +

@DREF

@E
( ¡ ÇVREF DREF ¡ V ÇDREF) (17)

ḧREF = hS[ ¡
D̈REF

DREF

+
ÇD2

REF

D2
REF

+
2
V ( g ÇhREF ÇVREF

V 2
¡ ÇDREF) W1

+
2

V 2 ( g ÇhREF
ÇVREF

V
+ ÇVREF DREF) (1 +

V 2

2

C 0 2
D

C2
D
) ] (18)

In these equations, we use the measured velocity V in place of
the reference velocity VREF , because the difference between these
parameters is generally small. We immediately obtain Eq. (18) by
differentiating Eq. (16) based on the assumption C 0 0

D = 0. Equa-
tions (15) and (16) are derived from the following differential
equations7:

Çh = hS[ ¡ ÇD / D + 2 ÇV / V + (C 0
D / CD) ÇV ] (19)

ÇV = ¡ D ¡ g sin c = ¡ D ¡ g( Çh / V ) (20)

where c is the � ight path angle. Equation (20) is the equation of
motion with respect to V , and Eq. (19) is obtainedby differentiating
Eq. (7) with respect to time. In addition, the following differential
equation is applied to Eq. (14).7

ÇE = ¡ VD (21)

D. Discussion on Controlled Variable
A drawbackin trackingreferencedrag pro� les is that the altitudes

at the end of entry guidance widely disperse because of the varia-
tionsof atmosphericdensity.This interfacealtitudeerror is probably
reduced (i.e., guidance capability is improved) by the feedback of
a geometrical altitude error during a � nal portion of the entry guid-
ance phase. The control law in Eq. (1) is able easily to deal with
the geometrical altitude error as well as the � ctitious altitude er-
ror converted from the drag error. This is a potential advantage for
selecting the altitude instead of the drag force as the controlledvari-
able. A trajectory control law employing a blend of the true and
drag-derivedaltitude errors is under investigation.

III. Numerical Comparison
We conducted three-degree-of-freedom (3DOF) � ight simula-

tions numerically to compare the new nonlinear control law with
a conventional linear control law.

A. Simulation Models
We employed the Hypersonic Flight Experiment (HYFLEX) ve-

hicle as a vehicle model for numerical simulation. The hypersonic
research aircraft was developedby the National Aerospace Labora-
tory (NAL), Japan and the National Space Development Agency of
Japan (NASDA). The three-view drawing is shown in Fig. 1. The
HYFLEX vehiclewas launchedby a small booster,and successfully
performeda hypersonicgliding � ight in 1996. For the � ight test, we

Fig. 1 NAL/NASDA HYFLEX vehicle.

Fig. 2 Scheduled gains for linear control law.

developed the following linear trajectory control law similar to that
of the Space Shuttle8:

( L

D )
C

= ( L

D )
REF

+ k1(D ¡ DREF) + k2( Çh ¡ ÇhREF)

+ k3* (D ¡ DREF) dt (22)

Figure 2 presents the scheduled gains k1 , k2, and k3 for this equa-
tion. We chose the � ight-proven control law in Eq. (22) as one of
the compared control laws. The other is the nonlinear control law
described in the previous section. For a neutral comparison, the
feedback gains of the nonlinear control law were determined so as
to give a comparable response to the linear control law. The feed-
back gains in Eq. (1) were taken as f1 = 0.004, f2 = 1.6

p
f1 , and

f3 = f1 /50 (gain-scheduling functions were not needed). For both
control laws, we used the following reference drag pro� le that had
been developed for the HYFLEX vehicle:

DREF = DF + C1(E ¡ EF ) (23)

where C1 , DF , and EF are constants. In each simulation, a trajec-
tory was computed over a period from an Earth-relativevelocity of
2200 m/s (about Mach 7) to a Mach number of 3.0. In addition, the
actual attitudes were assumed to be equal to the commands.

B. Simulation Results
Figure 3 shows a comparison of the drag pro� les under the lin-

ear and nonlinear control laws. The horizontal axes in this � g-
ure represent the energy per unit mass, and the reference drag
pro� les are plotted as straight broken lines. The actual drag pro-
� les were computed for different initial altitudes (D h in Fig. 3
indicates a perturbation from a nominal initial condition). All
of the responses are regarded as acceptable, though somewhat
large overshoots are observed. Remarkable differences are not
found between the linear and nonlinear control laws. However,
the responses under the linear control law slightly deviate below
the reference drag pro� le. Nonlinearity disregarded by lineariza-
tion process or some errors included in the reference parame-
ters may cause this phenomenon. Both control laws were tested
against various uncertainties, but signi� cant differences were not
observed. This simulation study shows that the new nonlinear con-
trol law has satisfactory performance and robustness, and it can be
used as a superior substitute of conventional linear control laws.
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Fig. 3 Comparison of drag pro� les under linear and nonlinear con-
trol laws ( D h: initial perturbation of altitude from nominal condi-
tion).

IV. Conclusions
This Note presented a new nonlinear trajectory control law to

track a referencedrag pro� le used for entryguidance.We introduced
a device called the drag-to-altitudetransformation and showed that
a trajectory control law can be formulated based on the equation of
motion with respect to altitude. A potential advantage of this ap-
proach is the capability of handling the geometrical altitude along
with the drag-derivedaltitude.We are developingan advanced con-
trol law to make use of this point. The feedback of geometrical
altitude would be effective for reducing altitude errors at the end of
entry guidance.
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